HOMOTOPY THEORY OF PRESHEAVES 
OF SIMPLICIAL GROUPOIDS 

ZHI-MING LUO 



Abstract. We show that the category of presheaves of simpUcial groupoids 
on a site C is a right proper simpHcial model category. We define G-torsor 
of presheaf of 2-groupoids G, presheaf of simplicial groups G and presheaf of 
simplicial groupoids G on a site C and classify G-torsors by the homotopy 
classes [*, WG]. 



1. Introduction 

The techniques of homotopy theory have been extremely fruitful in other areas 
of mathematics such as algebraic K-theory and algebraic geometry ^i- The 
goal of this paper is to develop the machinery needed to do homotopy theory in 
category of presheaves of simplicial groupoids on any small site C, and to connect 
this homotopy theory to the ordinary homotopy theory of spaces. 

Axiomatic homotopy theory is a natural extension of the ordinary homotopy 
theory for topological spaces to other categories. It comes from two systems of 
axioms. One is K.Brown's axioms for a category of fibrant objects j2j, |H1 Section 
1.9.]; the other one is Quillen's axioms for a closed model category |25j . |2f)| . |H1 
Section II. 1.]. 

Quillen's axioms imply Brown's axioms. But on the level of sheaves (presheaves), 
there are two homotopy theories. One is the local theory which was constructed 
by Brown (2j for the category of simplicial sheaves on a topological space, and by 
Jardine ^1], [U] for the category of simplicial sheaves and simplicial presheaves on 
any site. The other one is the global theory for the corresponding categories, which 
was developed by Brown and Gersten SI, Joyal and Jardine [3], respectively. 
The local theory satisfies Brown's axioms, the global theory satisfies Quillen's ax- 
ioms. The two theories are distinct, since it is not true that every local fibration is 
a global fibration P]. 

This paper is based on the Quillen closed model category axioms. 

The central theorem of simplicial homotopy theory asserts that the category S 
of simplicial sets, equipped with three classes of morphisms, namely cofibrations, 
fibrations and weak equivalences, has a closed model structure |2S]- Mathemati- 
cians have found many categories with closed model structures. For example, the 
category of simplicial groupoids (Dwyer-Kan 0, [HI Section V.7.]), the category of 
2-groupoids (Moerdijk-Svensson [23]), the category of simplicial presheaves (Jar- 
dine [H]), the category of simplicial sheaves (Joyal 15 ) and so on. Crans [Sj uses 
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adjoint functors to prove that the categories of sheaves of 2-groupoids, of bisim- 
pUcial sheaves and of simpUcial sheaves of groupoids have closed model structures 
according to the well-known closed model category of simplicial sheaves. 

In Section 2 we use techniques based on Jardine's paper j^, to prove that the 
categories of presheaves of simplicial groupoids and of presheaves of 2-groupoids 
on any site C are right proper simplicial model categories (Theorems 12.41 12.61 12.71 
IT!^ irnH and lTTT)! . Both Crans and Joyal-Tierney [Hj obtain Quillen closed 
model structures on the category of sheaves of simplicial groupoids in the general 
sense (i.e., the simplicial groupoids are groupoid objects in simplicial sets, not 
just groupoids enriched over simplicial sets; in our case we restrict the simplicial 
groupoids to be groupoids enriched in simplicial sets). They use the classifying 
space functor B to define the weak equivalences whereas we use the functor W. 

Section 3 studies the classification of G-torsors for various (pre)sheaves G. The 
definition of G-torsor and the relations between G-torsors and the homotopy classes 
[*,BG] are well-known for sheaves of groups and groupoids G (Sections 3.1 and 
3.2). We extend the definition of G-torsors to presheaves of 2-groupoids, simplicial 
groups and simplicial groupoids G on any site C in Sections 3.3, 3.4 and 3.5. Af- 
ter we define the category Tor{*,G) of all G-torsors we obtain similar classifying 
results for G-torsors: 7roTor(*,G) ^ [*,WG] (TheoremlTTl CoroUaryEHand The- 
orem 13.2'^ . All these definitions and results for (pre)sheaves of groups, groupoids, 
2-groupoids and simplicial groups are special cases of those for presheaves of sim- 
plicial groupoids. Joyal-Tierney obtain similar results for sheaves of simplicial 
groupoids G, but their definition of G-torsor is different from ours; our definition 
is much more fiexible. 



2. Presheaves of simplicial groupoids 

2.1. Presheaves of simplicial groupoids. Suppose that G is a simplicial object 
in the category of small categories. Write Ec for the category constructed using 
the following variant of the Grothendieck construction. 

The set of objects of Ec consists of all pairs (x,n) with a; G G„. A morphism 
(/, 9) : (x, m) — > (y, n) is a pair consisting of an ordinal number map 9 . m —^ n 
and a morphism f : x ^ 9*y oi Cm- Composition is defined in the natural way. 
There is an obvious forgetful functor tt : Ec — > A which takes values in the ordinal 
number category A. 

The segment category Seg[n) of subintervals [j, n] of n = [0,rt] has as objects 
the intervals [j,n\ = {j, j + 1, ...,n} and as morphisms the inclusions of intervals. 
Seg{n) can be identified with the opposite n°^' via the functor [j,n] i-^ j. There is 
a functor c„ : n°P — > A which is defined on objects by j i— > n — j, and which sends 
morphisms to inclusions. 

An n-cocycle taking values in the simplicial category G is a functor X : n"^ Ec 
which is a lifting of c„ in the sense that the diagram of functors 

Ec 



n°P— ^ A 
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commutes. This is a generalization of the definition of an n-cocycle taking values in 
a groupoid enriched in simplicial sets, in view of the identification of the categories 
Seg{n) and n°P. 

The n-cocycle X : n''P Eq is otherwise described as a string of arrows 

(xo,n) ^ (xi,n- 1) < ^ (a;„,0) 

each of which has the form (aj, dP), with a, : Xn-i (io(a;„-i-i). This means that 
the string consists of objects Xi € C„_i and morphisms xi do{xi-i). 
Every ordinal number map : m ^ n induces a commutative diagram 

m — i [i, m] >■ m 

Oi Oi e 

Y Y 

n - 6»(i) [0{i),n] ^ n 

and there is a corresponding diagram 

(^o^e(o),"i) ^ (0iXe(i),m - 1) ^ ^ {9^X0(m),O) 

(i,eo) (i,Oi) 

{X0(o),n - 6(0)) ^ n - 9{1)) ^ {x0(m),n - 9{m)) 

The string on top is denoted by 0*X. 

In this way, a simplicial set WC is defined, with WCn given by the set of n- 
cocycles in C. The functoriality follows from the relations 

erii)T(i) = {0T)i 

associated to composeable ordinal number maps 

k 9-m 9-n. 

There is an obvious function 

j : dBCn = iBCn)„ ^ WC„ 

which sends a string 

an On-l ai 

Xq-^ X^-^ • • Xn 

to the cocycle consisting of the object xo G Cn and the morphisms 

d()Oin—j '• d^Xj > d^Xj—i, 

or rather to the string 

{xo, n) <— {doXi,n - 1) < •*— {d^Xn, 0) 

in the Grothendicck construction Eq- 

Suppose that : m ^ n is an ordinal number map. One checks that the 
composite 

dBCn ^^WCn -^WCm 

sends the string of arrows a;o <— a;i <— ■ • • <— a;„ in C„ to the string 

{OodT^xe^o),^) ^ {eid^Q^^^X0^i),m-l) < ^ (^;;do^"'a;0(„), 0) 
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while the composite 

sends that same string in C„ to the string 

{Q*xe(Q),m) ^ {doe*Xe(i),m'- 1) < ^ (d"6'*xe(„), 0). 

Since 9*d^Q^^X0(^i) — d\^9*xg(^j;^ (from above diagram of [i,TO], [6'(i),n] and m, n), it 
follows that the maps j respect the simplicial structures. 

A simplicial groupoid G (or simplicial group G) is a simplicial object in the 
category of small groupoids (or groups), so the functor W can act on it and produce 
a simplicial set WG (see ^, Section V.4 and V.7]). 

Lemma 2.1. Suppose that G is a simplicial groupoid (groupoid enriched in sim- 
plicial sets). Then the map j : dBG —> WG is a weak equivalence. 

Proof. Since both functors dB and W are right adjoint functors, they preserve limits 
and products, so they preserve homotopy equivalences as well 8 , pp. 303, 304]. They 
also preserve disjoint unions. If is a simplicial group, the map j : dBH —> WH 
classifies the _ff-bundle dEH — > dBH, and so j is a weak equivalence for simplicial 
groups. Every simplicial groupoid G is homotopy equivalent to a disjoint union of 
simplicial groups. □ 

Lemma 2.2. Suppose that H is a simplicial groupoid. Then the following state- 
ments hold: 

1) dBH is a Kan complex. 

2) WH is a Kan complex. 

Proof. Every simplicial groupoid H contains a strong deformation retraction H{x, x) , 
where the vertices x are indexed over a set of representatives of ttoH. Suppose that 
X denotes either dB or W. Then every lifting problem 

K -^(ff) 

.rf 

A"' 

is isomorphic to a lifting problem 

^U.X{H{x,x)) 

A" ■" 

It follows that X{H) is a Kan complex for all simplicial groupoids H if and only if 
X{G) is a Kan complex for all simplicial groups G. 

In the first case, the bisimplicial set BG consists of connected simplicial sets 
BGn in each horizontal degree n, and therefore satisfies the 7r*-Kan condition [S] 
Lemma IV. 4. 2.]. In vertical degree k, BG^,^k = G^'^, which is a Kan complex since 
all simplicial groups are Kan complexes. It follows from Lemma IV. 4. 8 of |Sj that 
dBG is a Kan complex. 

For the second statement, we know that WG is a Kan complex if G is a simplicial 
group, by standard theory jH| Corollary V.6.8.]. □ 



HOMOTOPY THEORY OF PRESHEAVES OF SIMPLICIAL GROUPOIDS 



5 



Let C be a fixed small Grothendieck site. sGdPre(C) is the category of presheaves 
of simplicial groupoids on C; its objects are the contravariant functors from C to 
the category sGd of simplicial groupoids, and its morphisms are natural transfor- 
mations. 

If we see a presheaf of simplicial groupoids G as a simplicial object in the category 
of presheaves of groupoids, then WG is a simplicial presheaf. That means there is 
a functor W : sGdPre{C) SPre(C). 

Recall the adjunction between the loop groupoid functor G : S ^ sGd and 
the universal cocycle functor W Lemma V.7.7]. By applying these functors 
sectionwise to simplicial presheaves and presheaves of simplicial groupoids, one 
obtains functors 

G : SPre(C) ^ sGdPre(C) : W 

So there is 

Proposition 2.3. The functor G : SPre{C) sGdPre{C) is left adjoint to the 
functor W . 



We recall the definition of a closed model category structure on a category V. 
Closed model categories are an abstract setting in which to do homotopy theory. 

A Quillen closed model category I? is a category which is equipped with three 
classes of morphisms, called cofibrations, fibrations and weak equivalences which 
together satisfy the following axioms |^, 

CMl: The category V is closed under all finite limits and colimits. 
CM2: Suppose that the following diagram commutes in V: 




If any two of /, g and h are weak equivalences, then so is the third. 
CMS: If / is a retract of g and g is a weak equivalence, fibration or cofibration, 
then so is /. 

CM4: Suppose that we are given a commutative diagram 




where i is a cofibration and p is a fibration. Then the lifting exists, making 
the diagram commute, if either i or p is also a weak equivalence. 
CMS: Any map f : X Y may be factored: 

(a) f ~ p ■ i where p is a fibration and i is a trivial cofibration, and 

(b) f — q ■ j where g is a trivial fibration and j is a cofibration. 

An object X is called cofibrant if the map from the initial object 0, to AT is a 
cofibration. An object X is called fibrant if the map from X to the final object 
*, is a fibration. The category obtained from V by formally inverting the weak 
equivalences is called the homotopy category associated to V, and denoted Ho{T>). 



6 



ZHI-MING LUO 



A category 2? is a simplicial category if there is a mapping space functor 

Homx,(-,-) ■.V°P xV^S 
with the properties that for A and B objects in V 

(1) Homi,(A,B)o = homv{A,B); 

(2) the functor tlom.v{A, ■) : V ^ S has a left adjoint 

A^ - :S->V 

which is associative in the sense that there is an isomorphism 

A {K X L) = {A ® K) L, 

natural in A ^ V and K,L £ S; 

(3) The functor Hom-D(-, B) :V°p has a left adjoint 

homv{-,B) : S ^ 2?°''. 

A simplicial model category 2? is both a closed model category and a simplicial 
category which satisfies the following axiom: 

SM7 Suppose j : A _B is a cofibration and q : X Y is a fibration. Then 

Homp(B, X)^-^-^nomv{A, X) XHom^(A,y) Homi,(B, Y) 
is a fibration of simplicial sets, which is trivial if j or q is trivial. 

A right proper closed model category 2? is a closed model category such that: PI 
the class of weak equivalences is closed under base change by fibrations. In other 
words, axiom PI says that, given a puUback diagram 

X^^Y 

p 

of 2? with p a fibration, if g is a weak equivalence then so is g*. 

The category SPre(C) of simplicial presheaves has a Quillen closed model struc- 
ture 13, hence we can give some definitions in the category sGdPre(C). 

A map f : X ^ Y in the category sGdPre(C) is said to be a fibration if the 
induced map W{f) : WX WY is a global fibration in the category SPre(C) in 
the sense of 

A map g : Z —I- U in the category sGdPre(C) is said to be a weak equivalence 
if the induced map W{g) : WZ WU is a topological weak equivalence in the 
category SPre(C) in the sense of jS]- 

A cofibration in the category sGdPre(C) is a map of presheaves of simplicial 
groupoids which has the left lifting property with respect to all both fibrations and 
weak equivalences. 

Theorem 2.4. The category sGd Pre (C), with the classes of fibrations, weak equiv- 
alences and cofibrations as defined above, satisfies the axioms for a closed model 
category. 

Proof See [H. □ 
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Remark 2.5. Crans 5^ and Joyal-Tierney ^Jj provide two different Quillen closed 
model structures on the category of sheaves of simplicial groupoids in the general 
sense (i.e., the simplicial groupoids are groupoid objects in simplicial sets, not just 
groupoids enriched) (see the comment in the introduction of ,17 ) ■ They use the 
classifying space functor B to define the weak equivalences whereas we use the 
functor W . 

Let X be a presheaf of simplicial groupoids, and let K he a. simplicial set. The 
presheaf of simplicial groupoids X ® K is defined at [/ G C by 

X®K{U) = X{U)®K, 

The presheaf of simplicial groupoids X^ is defined at J7 G C by 

X^{U) = \ioxn{K,X{U)), 

where }\om{K,X{U)) is a simplicial groupoid. 

For presheaves of simplicial groupoids G and H , define a simplicial set Hom(G, H) 
by requiring that the ri-simplices be maps of presheaves of simplicial groupoids of 
the form G^/y^^H. 

Let I : — > L be a cofibration in S and q -.U he a. fibration in sGdPre(C), 
then the map 

[/i (l^)yL IJK 

is a fibration, which is trivial if either i or g is trivial, since when we apply the functor 
W we get a similar map in SPre(C) and the category SPre(C) is a simplicial model 
category. 

Suppose that p : G ^ H is a. fibration and that i : X Y is a cofibration of 
presheaves of simplicial groupoids, then 

Hom(y,G) Hom(X,G) XHom(XM) Hom(y,i/) 

is a fibration of simplicial sets, which is trivial if i or p is trivial by |S1 Proposition 
IL3.13]. 

The mapping space functor satisfies the axiom SM7, so there is 
Theorem 2.6. The category sGdPre(C) is a simplicial model category. 
Theorem 2.7. The category sGdPre(C) is right proper. 
Proof. Given a puUback diagram in sGdPre(C) 

X—^Y 

p 

with p a fibration and g a weak equivalence, there exists a puUback diagram in 
SPre(C) 

Wg, 

WX ^WY 

Wp 

Wz^^Ww 

Wg 
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W preserves fibrations and weak equivalences, hence Wp is a fibration and Wg is 
a weak equivalence in SPre(C). SPre(C) is proper, so Wg^ is a weak equivalence as 
well, hence the map is a weak equivalence. So the axiom PI holds. □ 

2.2. Presheaves of 2-groupoids. 2-GpdPre(C) is the category of presheaves of 
2-groupoids on C; its objects are the contravariant functors from C to the category 
2-Gpd of 2-groupoids, and its morphisms are natural transformations. 
Recall the adjunction pU] : 

TT : sGd ^ 2 - Gpd : B 

By applying these functors sectionwise to presheaves of simplicial groupoids and 
presheaves of 2-groupoids, one obtains functors 

TT : sGdPre{C) ^ 2 - GpdPre(C) : B 

and there is 

Proposition 2.8. The functor tt : sGdPre{C) 2 — GpdPre(C) is left adjoint 
to the functor B. 

The category sGdPre(C) of presheaves of simplicial groupoids has a Quillen 
closed model structure (see Section 2.1), hence we can give some definitions in the 
category 2-GpdPre(C). 

A map / : X — > y in the category 2-GpdPre(C) is said to be a fibration if the 
induced map B{f) : BX BY is a fibration in the category sGdPre(C). 

A map g : Z U in the category 2-GpdPre(C) is said to be a weak equiva- 
lence if the induced map B{g) : BZ — *■ BU is a weak equivalence in the category 
sGdPre(C). 

A cofibration in the category 2-GpdPrc(C) is a map of presheaves of 2-groupoids 
which has the left lifting property with respect to all fibrations and weak equiva- 
lences. 

Theorem 2.9. The category 2-GpdPre(C), with the classes of fibrations, weak 
equivalences and cofibrations as defined above, satisfies the axioms for a closed 
model category. 

Proof. See Hg or [in|. □ 

Let X be a presheaf of 2-groupoids, and let K he a simplicial set. The presheaf 
of 2-groupoids X K is defined at [/ S C by 

X (g) K{U) ^ X{U)® K, 

The presheaf of 2-groupoids X^ is defined at C/ e C by 

X^{U) = {X{U))^. 

For presheaves of 2-groupoids G and H, define a simplicial set Hom(G, H) by 
requiring that the rt-simplices be maps of presheaves of 2-groupoids of the form 

Let i : K ^ L he a cofibration in S and q : U ^ V he a fibration in 2- 
GpdPre(C), then the map 
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is a fibration, which is trivial if cither i or q is trivial, since apply the functor B to 
get a similar map in sGdPre(C) and the category sGdPre(C) is a simplicial model 
category. 

Suppose that p : G ^ H \s a. fibration and that i : X ^ Y \s a. cofibration of 
presheaves of 2-groupoids, then 

Hom(y,G) ^"^^ Hom(X,G) XHom(x,//) Hom(y,i/) 

is a fibration of simplicial sets, which is trivial if i or p is trivial by O Proposition 
11.3.13]. 

The mapping space functor satisfies the axiom SM7, so there is 
Theorem 2.10. The category 2-GTpAPre(C) is a simplicial model category. 
Theorem 2.11. The category 2-GpdPre(C) is right proper. 

Proof. The functor B preserves puUbacks and the category sGdPre(C) is right 
proper fTheorem l2.7|l . □ 

3. Classification of torsors 

3.1. Torsors for sheaves of groups. Suppose that G is a sheaf of groups on C. 
A (right) G-torsor is a non-empty sheaf E (meaning _E ^ 1 is surjective) equipped 
with a free (right) G-action a : E x G ^ E which is transitive 

The non-abelian cohomology object H^{C,G) is the set of isomorphism classes 
of G-torsors on the site C, as usual. 
It is shown in fTT) ] . [H ] : 

Theorem 3.1. There is an isomorphism 

[*,BG] = H\C,G) 

for any sheaf of groups G on any Grothendieck site C . 

Remark 3.2. The sheaf of groupoids Tor(G) consisting of groupoids Toi{G\u) of 
all G I [/-torsors over U e C is a canonical gerbe [7], Q]. If C has a terminal object 
* and Q is a. G-gerbe such that Q{*) ^ 0, then the G-torsors are bijective to the 
objects of the groupoid up to a unique isomorphism 4, Proposition 5.2.5], 
i.e., the isomorphism classes of G-torsors are bijective to the isomorphism classes 
of objects of groupoid G{*), so [*, BG] is also in a natural bijection with the set of 
isomorphism classes of objects of Q{*). 

Remark 3.3. The central theorem of non-abelian cohomology asserts that the 
second cohomology group H^{C, A) of the sheaf of abelian groups A on the site C 
is isomorphic to the group of equivalence classes of A-gerbes over C [7j , 0] • 

3.2. Torsors for sheaves of groupoids. Let £ denote the topos Shv{C) of sheaves 
on the site C. We can see a sheaf of groupoids G as a refiexive graph in £ 

*~ Lfl s- LfQ : 

t 

where su = tu = id, provided with an associative composition c : Gi x^^ Gi ^ Gi, 
for which the elements of Gq are units (via u), and each element of Gi is invertible. 

There are two kinds of definitions of G-torsor of sheaves of groupoids G. One is 
in the sense of the other one is in the sense of We can show that they 
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are equivalent. The definitions of G-torsors in following sections are based on the 
definition in |12j . 

A (right) G-torsor in the sense of ^] is a non-empty sheaf E over Gq in £ 
equipped with a free (right) action a : E Xco Gi E which is transitive, where 
E XQg Gi is the puUback: 

Exg, Gi^^E 
/ 



■ Go 



In other words, if we denote by E the groupoid given by the top of the diagram 

(cf. ini): 



E Xgo Gi 



■.e 



Gi 



: Go 



then the G-torsor i? is a sheaf such that the sheaf of groupoids E is trivial and 
locally connected. 

A G-torsor in the sense of ^2] is a simplicial sheaf map Y — > BG such that Y 
is a homotopy colimit of some functor X and the canonical map F — > * is a local 
weak equivalence. 

We can construct a sequence of puUbacks 



E Gi xg„ Gi ■ • • xq^Gi 



■ Gi Gi • • • XGgGi 



E XQg Gi xgo Gi 



E X, 



Gi xgo Gi 



■Gi 



Let Y be the simplicial sheaf with sheaf Yn — E xq^GiXGoGi- ■ ■ xq^Gi [n factors 
of Gi, so Yf) — E) and the natural structure maps. Thus the above diagram is a 
simplicial sheaf map tt : Y ^ BG such that all diagrams 



Y„ 



BGn 



/ 

^Go 



0* 

are puUbacks, where 0* is the map corresponding to the ordinal number map : 
— > n which picks out the object 0. 

So Y has the homotopy colimit structure Y = EX for some sheaf- valued functor 
X : G ^ Shv(C) defined on the small sheaf of groupoids G over the site C |12j . 
Since Y is obtained from BG by puUbacks, Y is the nerve EX of the sheaf of 
groupoids: 



E- 



■E xgoGi 



E 



where m : e — > {e^idf^,,^). Since G acts transitively on the sheaf Yq ~ E, Y has 
only one component; G acts freely on the sheaf Iq = E, so there is only an identity 
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map from every object in Y to itself. So the canonical map F ^ * is a local weak 
equivalence. 

Every G-torsor E in the sense of jl6| uniquely determines a simplicial sheaf map 
Y — > BG such that the map satisfies the above puUback condition and the canonical 
map F * is a locally weak equivalence. The simplicial sheaf map Y — > BG is 
just a G-torsor in the sense of 12 . 

On the other hand, for each G-torsor Y BG in the sense of ^21 the simplicial 
sheaf Y is formed by puUbacks 

Yn ^ Yq 

f 



BGn — BG\ 



such that the diagram 







Fo xgo Gi ^^Fq 

' di —s 

Gi £ Go 

O*=do=t 



commutes, hence di : Yq XGq Gi — > Yq is an action. F — )■ * is a local weak 
equivalence, so the action is free and transitive and Fq is a G-torsor in the sense of 

m- 

It's obvious that there is a bijection between sets of the two kinds of G-torsors. 
So the definitions of G-torsor in the sense of ^B] and ^21 are equivalent. 

Take the special case Gq = *, then the sheaf of groups G is a special sheaf of 
groupoids 



G: 



A G-torsor is a G-space Yq such that 

F = SG Xg Fo ~ * 

which is equivalent to the above definition. 

The set of G-torsors and natural transformations between them forms a category 
which will be denoted by Tors(*,G). This category is a groupoid because every 
morphism of G-torsors is an isomorphism |12| . Denote the path components of 
Tors(*,G) by 7roTors(*, G). 

It is shown in fT^ 

Theorem 3.4. The function T:QTors(*, G) [*, BG] is a natural bijection for any 
sheaf of groupoids G on any Grothendieck site C. 

Remark 3.5. As pointed out by Jardine there is a mistake in the proof of 
|12j . Jardine corrected it in JS!- The correction will also appear in the proof of 
Theorem 12231 

Remark 3.6. Let H{C, G) denote the category of G-torsors and H^{C, G) the set 
of connected components of H{C,G) jTHj. Thus Theorem 13.41 has same form as 
Theorem 13.11 
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3.3. Torsors for presheaves of 2-groupoids. Let 2-Sets denote the 2-category 
in which the objects are the sets, the morphisms are the maps between sets, the 
2-arrows are the maps X x I ^ Y where X and Y are two sets and / is the 2-point 
set {0, 1}. So there is a unique 2-arrow between each pair of parallel 1-arrows. In 
the language of internal categories, 2-Sets is a category enriched in categories. Let 
2 — Setso, 2 — Setsi and 2 — Sets2 denote the classes of objects, 1-arrows and 2- 

arrows in 2-Sets, respectively. The underlying category 2 — Setsi ^ ^ 2 — Setso 

of 2-Sets is just the ordinary category Sets of sets, 2 — SetS2^^^2 — Setsp is 
the category in which the objects are the sets, the morphisms between objects X 
and Y are the homotopy maps X x I ^ Y. 

Similarly, let 2-Pre(C) denote the 2-category in which the objects are the presheaves, 
the morphisms are the maps between presheaves, the 2-arrows are the maps X x / — > 
Y where X and Y are two presheaves and / is the constant presheaf of 2-point set 
{0,1}. 

Suppose that G is a 2-groupoid. For any set-valued 2-functor 21 X : G 
2 — Sets, we define its homotopy colimit holini GX as the simplicial set with n- 
simplices: 

IJ X{ao) X BG{ao,ai)o x BG{ai,a2)i x ■■■ x BG(a„_i, a„)„_i 

(ao,ai,...,a„) 

where (ao,...,a„) e Ob(G)"+^, G{ai,ai+i),i = 0, l,...,n— 1 are the groupoids of 
morphisms from to Oi+i, BG{ai, ai_|-i)i, i = 0, 1, n—1 is the set of all i-simplices 
in the classifying space BG{ai, fli+i). 

It follows that the category of 2-functor X : G 2 — Sets and 2-natural trans- 
formations is equivalent to the category of simplicial set maps tt : Y WG such 
that Y is the homotopy colimit of X, with fibrewise maps over WG as morphisms. 

This equivalence is natural, and therefore gives an internal description in cate- 
gory of presheaves of presheaf-valued 2-functor X : G ^ 2 — Pre(C) defined on a 
small presheaf of 2-groupoids G over a site C. 

Suppose that G is a presheaf of 2-groupoids on a small site C. Analogous to the 
definition in the case of sheaf of groupoids, when G is a presheaf of 2-groupoids, we 
define a G-torsor to be a simplicial presheaf map Y WG such that y is a homo- 
topy colimit holini GX and the canonical map K — > * is a local weak equivalence. 

When we explicitly express the homotopy colimit holirn gX by Moore complex, 
it's obvious that it satisfies a puUback condition 



E xgo Gi Xg„ G2 ^ E xgo Gi > E 



7^2 f 

■Gi XQg G2 ^ Gi ; — ^ Go 



In fact, this diagram is a simplicial presheaf map Y — > WG which satisfies the 
puUback condition. The map Y —>■ * is a local weak equivalence, so the presheaf 
Yo — E is non-empty over Go and the action a : E Xgq Gi E is transitive, G2 
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also acts freely and transitively on E Gi. Denote by E the 2-groupoid: 

i 

E XGo G2^^E 

\ I 

t 

Then Y = WE. 

The set of G-torsors and natural transformations between them forms a cate- 
gory. We denote it by Tors(*,G'). An argument similar to that in jT^j shows that 
the morphisms between torsors are isomorphisms, so the category Tors(*,G') is a 
groupoid. Denote the path components of Tors(*, G) by 7roTors(*, G). 

The set [*, WG] of maps from * to WG in Ho(SPre(C)) may be described as a 
filtered colimit by Verdier hypercovering characterization 

[*,WG] ^ lirnTT {V,WG) 

V 

indexed over simplicial homotopy classes represented by locally trivial fibrations 
(hypercovers) — > *, where tt{ , ) indicates simplicial homotopy classes of maps. 

When G is a 2-groupoid, BG is a simplicial groupoid and a fibrant object in 
the category sGd since BGo is just the forgetful groupoid Gq of the 2-groupoid G, 
the map BG — > * has the path lifting property; and the map BG{x, x) —>■ ^ is a 
fibration of simplicial sets since BG{x,x) — B{G{x,x)) is the classifying space of 
the groupoid G{x,x). The functor W : sGd S preserves fibrations and weak 
equivalences (Theorem V.7.8.(2), [5]), So WG is a fibrant object in the category S. 

When G is a presheaf of 2-groupoids, WG is a locally fibrant object in the 
category SPre(C). 

All G-torsors Y WG are of the form Wf : WI WG where / : / ^ G is a 
2-functor defined on a 2-groupoid / which is trivial in the sense that I{x, x) ~ * the 
terminal object of the category of presheaves of groupoids GpdPre(C) for all local 
choices of objects x and / is locally connected. Then Y = WI is locally fibrant, 
and F ^ * is a (local) weak equivalence. So F is a locally trivial fibrant object, 
i.e., y is a hypercover of *. 

Every G-torsor Y — > WG has within it a hypercover F — > * , and every morphism 
Y Y' oi torsors is a morphism of hypercovers. 

Send the G-torsor f : Y ^ WG to its homotopy class [f] : Y WG. * is the 
colimit of all its hypercovers, so [/] has a unique factorization 




where [/'] is the homotopy class of maps * WG. When we send / to [/'] we 
have a map 

Ob Tors(*,G) -> [*,WG] 
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For any two G-torsors Y WG and Y' — > WG in same component of category 
Tors(*, G), there is an isomorphism i :Y ^ Y' such that the diagrams 



WG, 





commute. The two torsors /i : F WG and f2 ■ Y' ^ WG map into the same 
morphism [/'] : * WG, so the above map can factor through a function 



7roTors(*, G) 

FoUowing Theorem 14 in '12: , we have 



>^,WG] 



Theorem 3.7. The function ttq Tors{*, G) —^ [*, WG] is a natural bijection for any 
presheaf of 2-groupoids G on any Grothendieck site C. 

Proof. We have constructed the map : 7roTors(*, G) [*,WG]. Now we need 
find its inverse function. 

For a 2-groupoid G and any object £ G, we define the comma 2-category 
G J, xo to be the 2-category in which the objects are the morphisms x ^ xq, the 
morphisms (1-arrows) and the 2-arrows are the commutative diagrams 



and 





respectively, where x^J£_^y is the identity 2-arrow. In fact, G J, is a 2-groupoid. 
Since there is only one morphism between any two objects in G | xq and all 2- 
arrows are identities, the 2-groupoid G J, is a trivial 2-groupoid, so W{G | xq) 
is contractible. 

Suppose given a 2-functor f : I G, where / is a trivial 2-groupoid (i.e., / 
has only one 1-cell between any two objects and only identity 2-cell from a 1-cell 
to itself). We define the comma 2-groupoid / | xq to be the 2-groupoid in which 
the objects are the pairs (x,f{x) — > Xf)),x G /, the morphisms (1-arrows) and the 
2-arrows are the commutative diagrams 



/(y) 




■Jiy) 




and X 

y 



respectively. / is trivial, so is each component of / | xq. Thus W{ f | xq) is weakly 
equivalent to the constant simplicial set TrQW{f | xq). 

Given a hypercover V ^ *, the simplicial presheaf map V WG is of the form 
Wf : WI WG where / : / — > G is a presheaf-valued 2-functor defined on the 
trivial presheaf of 2-groupoids /. 
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Make the homotopy colimit construction 



WI{U) 

/ 

WG{U) rf(U.o^-^x„ W{G{U) i xo)) 



■rf(Uo^.._.„7roW^(/ixo)) 



■ diu 



Xo— * ''■Xn 



on the presheaf level in each section, where xq —^ ■ ■ ■ Xn is aji n-simplex of 
simplicial set W{G{U)). _ 

In the simplicial set c?(|Ja:(,_» ,x ^(/ i ^^o)), there is only one 1-simplex be- 
tween any two objects {y, f{y) — > x) and {y' , f{y') x') where y, y' € I,x,x' G G 



y f{y) — ^ X 





f{i) 







y' f{y') — - 



All 2-simplices are the identities 2-aiTOws in /, and so on. So (idJxo^ ^(/ J- 

a;o)) is equivalent to *. The top map a is the standard weak equivalence associated 
to the simplicial map / : WI(U) WG(U), and the top map /? is also a weak 
equivalence since W{f | xq) is weak equivalent to constant simplicial set TroW{f J, 
a;o). So ttqW^C/ i xq)) is equivalent to *. d{\J^^^,„^^^ *) just is the 

simpHcial set W{G{U)), rf(|J,To^ >x„ ^oW{f J, a;o)) is the homotopy colimit over 

G, so the presheaf map h{f) is a G-torsor. 

When / : WI — > WG is a G-torsor, WI is the homotopy colimit of presheaves 
over G for some 2-functor X such that WI = holirn cX and there is a natural 

isomorphism 'JToW{f | xq) = X{xo), so the map h{f) is canonically isomorphic to 

/• _ _ _ _ _ 

Any homotopy WI x WG can extend to a map WI x WG{1) -> WG 

where G(l) is the trivial 2-groupoid on two objects. If / is locally connected and 
trivial, then so is / x G(l). Corresponding to the diagram 
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there is a diagram 




So any homotopy f ^ f determines torsors h{f) and h{f') which are in the same 
component of Tors(*, G). 

For any homotopy map class in the set [*, VFG], it has a representative [f]-V^ 
WG. Suppose that it has other representative [/'] : V' WG. All hypercovers 
over * form a filtered category. So there exists hypercover V" and arrows V V" 
and V' V" such that the diagram 




V" ^ * ^ WG 




commutes. By same argument as above, the torsors h{f) and h(f') are in the same 
component of Tors(*, G). 

There is a well-defined function 

ip : [*,WG] 7roTors(*,G) 

sending the homotopy map class [/] to the G-torsor h{f). 

For any element in 7roTors(*, G), take a representative f : Y ^ WG, [f] is the 
representative of its image in [*,M^G], h{f) is isomorphic to /, so the composite 
function ipip : 7roTors(*, G) [*, WG] 7roTors(*, G) is identity. 

In the above homotopy colimit diagram, the bottom (3 is also a weak equivalence 
because each summand W{G{U) J. xq) is contractible. The simplicial set 

X{U) □ W{G{U) i xo)) 

Xq — > >Xn 

consists of strings {y,x) of (n-)arrows 

ya ^ ■ ■ ■ ^ Un Xo ^ ■ ■ ■ Xn 

of length 2n + I. In fact, ya ^ ■ ■ ■ ^ Vn and xq ^ ■ ■ ■ Xn are two n-simplices 
in W{G(U)). The map a sends this simplex to the string yo • • ■ while P 

maps it to the string xq ■ ■ ■ —^ Xn- The n-simplices of the simplicial set X{U) 
can be identified with the simplicial maps A" * A" — > W{G{U)) defined on the 
join A" * A", and with simplicial structure maps induced by precomposition with 
maps 9*6 : A'" * A™ — > A" * A". The maps a and p are induced by the inclusions 
A" — > A" * A" of the left and right standard n-simplex respectively. 
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The n-simplex in X{U) can be expressed by diagram 

yo > yi ^ ^ yn 



Xo 




Then maps a and (3 are homotopic maps. This construction is natural, hence the 
two maps represent the same morphism in the homotopy category of simpUcial 
presheaves. 

So the two composition maps 



4U.„^...^.„ W{f I xo)) -d(U, 



W{G{U)ixo))- 



and rf(U.o-. -^x„ i ^o)) -rf(U.o^...^.„ W{G{U) [ xo))^^d(U,„^,_,„ * 

are homotopic. Denote this homotopy class as [17]. 

'^(Uxo^ ^(/ i ^0)) can be written as WH for some 2-groupoid H, hence 

it's fibrant. and it's weak equivalent to then the simplicial prcshcaf di\_\^ _^ 

xq)) is a hypercover over *. By the above homotopy colimit diagram, [/], [g] and 
represent the same element in [*, WG\. 

The composition function : — > 7roTors(*,G) — > [*, M^G] sends [/] to 
[h{f)], so it's identity. □ 

3.4. Torsors for presheaves of simplicial groups. Suppose that G is a presheaf 
of simplicial groups on a small site C. 

Let X be a simplicial presheaf. G acts on X if there is a morphism of simplicial 

presheaves 

IJL-.GxX^X 
so that the following diagrams commute: 

GxG xX^^Gx X 



mxl 



GxX 



X 



and 



X 



GxX 




^X 



where m is the multiplication in G and i{X) = (e, X) on each level of each section. 

Such a simplicial presheaf X is called a simplicial G -presheaf. Let SPre(C)G be 
the category of simplicial G-presheaves. 

The forgetful functor SPre(C)G SPre(C) has a left adjoint given by 

X<-^GxX 

It's easy to prove that there is a closed model structure on the category SPre(C)G, 

where a map f : X ^ Y oi simplicial G-presheaves is a fibration (respectively weak 
equivalence) if the underlying map of simplicial presheaves is a global fibration 
(respectively local weak equivalence) and a cofibration is a map which has the left 
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lifting property with respect to all both fibrations and weak equivalences (cf. |H1 
Theorem V.2.3.]). 

A principal G-hundle (or principal G -fibration) / : i? — > i? is a local fibration in 
SPre(C)G so that 

(1) B has trivial G-action; 

(2) E is a. cofibrant simplicial G-presheaf, and 

(3) the induced map _E/G — > -B is an isomorphism. 

Lemma 3.8. Suppose that X is a cofibrant simplicial G-presheaf. Then G acts 
freely on X in all sections. 

Proof. Suppose that the functor Ly : S SPre{C) is the functor ?£/ in [5], the left 
adjoint functor of the [/-section functor X X{U): 

Lu{Y){V)^ □ Y. 

The maps G x LjjdA'^ — > G x LjyA" generate the cofibrations of the category of 
simplicial G-presheaves, and any pushout 

G X LudA'' ^ Z 



G X Lc/A" W 

has the effect of adding some freely generated G(C/)-space to Z{U) for each U E C. 
The cofibration — X has a factorization 



X 

where tt is a trivial fibration and the map — > is a transfinite colimit of pushouts 
of the above form. It follows that G acts freely on V in all sections. But then, by 
a standard argument X is a retract of V (since tt is a trivial fibration), so that G 
acts freely on X in all sections. □ 

Now for the converse: 

Lemma 3.9. Suppose that G acts freely on the simplicial G-presheaf Y in all 
sections. Then Y is cofibrant. 

Proof. Consider the partially ordered set of all cofibrant subobjects K C Y, where 
K < L ii there is a G-cofibration K C L which respects the inclusions into Y. This 
poset is non-empty since G{x) C F is a cofibrant subobject of Y by the condition 
that G acts freely on Y in all sections for any simplex x E Y{U). If 

Ki<K2<--- 

is a totally ordered collection of cofibrant subobjects, the Koo = UKi is cofibrant 
and all inclusions Ki C Koo are cofibrations. It follows that the poset of cofibrant 
subobjects of Y is inductively ordered. 
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Zorn's lemma therefore asserts that the poset of cofibrant subobjects of Y has 
maximal elements. Pick such a maximal subobject AI and assume that M ^ Y. 
Then there is a simplex x £ Y{U) — M{U) of minimal dimension, and the diagram 

G{{x))r\M 

G((x)) ^G{{x))UM 

is a pushout of G-subcomplexes of Y. But 

G{{dx)) = G{{x))nM 

where (dx) is the subcomplex generated by the faces of x. It follows that the 
inclusion map M — > G((a;)) U M is a cofibration of simplicial G-presheaves, which 
contradicts the maximality of AI \i M ^Y . Thus, Y is cofibrant. □ 

Hence a simplicial G-presheaf X is cofibrant if and only if G acts freely on it in 
all sections. 

For every cofibrant simplicial G-presheaf X the canonical map XiJJ') X{U) /G{U) 
is a fibration of simplicial sets [HI Corollary V.2.7] for any U E C. Then X X/G 
is a local fibration '5', Corollary 1.8] where X/G is the simplicial presheaf U (-^ 
X{U)/G{U). So the canonical map X X/G is a principal G-bundle. Any G- 
bundle f : E ^ B is isomorphic to a quotient map 

q: X -> X/G 

where X S SPre{C)G is cofibrant. That means that cofibrant simplicial G-presheaves 
X correspond to principal G-bundles X — > X/G. 

A G-torsor on C is a cofibrant simplicial G-presheaf X such that the canon- 
ical map X/G * is a hypercover. A map f : X Y of G-torsors is just a 
G-equivariant map of simplicial presheaves. Write G-tors for the corresponding 
category and 7ro(G — tors) for the corresponding path components of G-tors. 

Choose a factorization 

(d^^EG 



where i is a cofibration and tt is a trivial fibration in the category of simplicial 
G-presheaves SPre(C)G. Write BG = EG/G. Observe that BG is locally fibrant, 
since it is the presheaf of Kan complexes (cf. Lemma V.3.7. 

Note that EG is unique up to equivariant homotopy equivalence, so q : EG — > 
BG is unique up to homotopy equivalence. 

Suppose that U BG is a map of simplicial presheaves, where J7 ^ * is a 
hypercover. Then the puUback U x bg EG has a free G-action and is therefore a 
cofibrant simplicial G-presheaf. The projection map U x bqEG U is the quotient 
by the G-action and J7 ^ * is a hypercover, so that U x bg EG is a G-torsor. 

Further, any string of morphisms 

Ui-^U2^ BG 
where Ui U2 is a. map of hypercovers induces a morphism 

Ui XBG EG^U2 XBG EG 
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of G-torsors in the obvious way. 

Remark 3.10. In the standard theory WG is a cofibrant simplicial G-presheaf, 
but the map WG — > * is only a (trivial) local fibration. Find a factorization 



WG- 



EG 



such that TT is a trivial fibration and j is a trivial cofibration in the category of 
simplicial G-presheaves SPre(C)G- Then the induced comparison of principal G- 
bundles 



WG- 



EG 



WG—^BG 

induces a local weak equivalence j* : WG BG such that j* has a homotopy 
inverse j* : BG WG where j* is a local weak equivalence as well. Similarly, if 
U WG is a map of simplicial presheaves, where ?7 — > * is a hypercover, then 
U WG is also a G-torsor. 

A similar argument works for the diagonal map d{EG) d{BG) induced by 
the standard bisimplicial prcshcaf map EG BG, because the diagonal map is 
a principal G-fibration and the object d{EG) is weak equivalence to a point. It 
follows that d{BG) ~ BG for the two different senses of BG. 

A simplicial presheaf X is called projective fibrant if the map X — > * has the 
right lifting property with respect to all maps ic/A^ Lc/A", U gC. It's obvious 
that the simplicial prcshcaf BG is projective fibrant. In effect, the map EG BG 
is a principal G-bundle and hence a surjective Kan fibration in each section, and 
EG is globally fibrant, and hence a Kan complex in each section, so that BG is a 
Kan complex in each section. The simplicial presheaf WG is projective fibrant as 
well. 

Say that a presheaf of simplicial groupoids H is projective fibrant if the object 
WH is projective fibrant. 

More generally, one says that the map p : G — > is a projective fibration of 
presheaves of simplicial groupoids if the induced map WG — > WH is a projective 
fibration. This is equivalent to the assertion that the map p has the right lifting 
property with respect to all maps G{LuA^) G{LuA^), U € C. 

Every presheaf of simplicial groupoids H has a projective fibrant model i : H ^ 
Hf, in the sense that the map i is a sectionwise weak equivalence which has the 
left lifting property with respect to all projective fibrations, and Hf is projective 
fibrant. This is a consequence of the obvious small object argument. 

Suppose once again that G is a presheaf of simplicial groups. Then G is projective 
fibrant by a standard argument. Suppose that given a homotopy h : U x — > WG 
where U is a hypercover. Then the induced map h* : G{U x A^) — > G has a 
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G(C/x Ai)^^G 



H 

where the map j : G{U x A^) ^ is a projective fibrant model for G{U x A^) in the 
category of presheaves of simphcial groupoids. j has the left lifting property with 
respect to all projective fibrations, G is projective fibrant, so the lifting tt exists. It 
follows that WH ^ * is a hypercover since it's sectionwise weak equivalence and 
fibration, hence it's a locally trivial fibration, and there is a commutative diagram 



U 




WH ^WG 




U 



In particular, the principal G-fibrations over U which are induced by the maps hd 
and hdP are in the same component of the G-torsor category. 

/ j' 

For the composite map U ^BG ^WG, the principal G-bundles U Xbg 

EG and U 

^WG which are induced by the maps / and j* f respectively, are 
in the same component of the G-torsor category. If /, g : U ^ BG are homotopic, 
so are j*f,j*g : U WG. Hence the G-torsors which are induced by / and g are 
in same component of G-tors. 

It follows that there is a well defined function 

: [*, BG] = IhnwiU, BG) ^ 7ro(G - tors) 

u 

which is given by sending the naive homotopy class of a map U BG defined on 
a hypercover U ^ * to the path component of the object U Xbg EG. 

Suppose that X is a G-torsor. Then X is a cofibrant simplicial G-presheaf so 
that the lifting (j) exists in the diagram 



^EG 




X *-* 



since tt is a trivial fibration. Moreover, any two such liftings are homotopic. Make 
a fixed choice of lifting (px for all G-torsors X, and write (j>x, '■ X/G — > BG for the 
corresponding inchieed map. 

Suppose that f : X ^ Y is a, morphism of G-torsors. Then (jyyf is a second 
possible choice for (f)x and so cjiyf and (j)x are (naively) equivariantly homotopic. 
It follows that the maps (f)x, and (f)Y, /* are naively homotopic. The assignment 



X^IM G7r(X/G,BG) 
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therefore determines a well-defined function 

LPQ : 7ro(G — tors) — > lim 7r(C/, BG). 

It's obvious that both maps (pc ■ V'g and ipc " V'G are identity maps. 
We have therefore shown 

Theorem 3.11. The function ipo '■ [*,BG] tto{G — tors) is a bijection for all 
presheaves of simplicial groups G on a Grothendieck site C. 

Note that the theorem is independent of the choice of the cofibrant model EG 
for the point. 

Corollary 3.12. Suppose thatG is a presheaf of simplicial groups on a Grothendieck 
site C. Then there is a bijection 

[*,WG] ^7ro(G-tors) 

Remark 3.13. Every trivial cofibration i : A B oi simplicial G-presheaves 
induces a trivial cofibration : A/G B/G. In effect, i has the left lifting 
property with respect to all global fibration p : X Y oi simplicial presheaves 
with trivial G-action. 

Suppose that X is a cofibrant simplicial G-presheaf such that the induced map 
X/G ^ * is a weak equivalence. Find a trivial cofibration j : X —> X in the 
category of simplicial G-presheaves such that X is fibrant. Then the induced map 

: X/G X/G is a trivial cofibration of simplicial G-presheaves, and X/G is 
locally fibrant so the map X/G ^ * is a hypercover. Write G — torso for the 
category of cofibrant simplicial G-presheaves X such that X/G ^ * is a local weak 
equivalence. Then the inclusion 

G tors C G torso 

induces an isomorphism 

7ro(G — tors) = 7ro(G — torso). 

Remark 3.14. Write G — torsi for the category of simphcial G-presheaves Y such 
that the canonical map d{EG Xq F) — > * is a local weak equivalence, where d{X) 
denotes the diagonal of a bisimplicial object X. Then there is an inclusion 

G — torso C G — torsi 

since the canonical map d{EG Z) — > Z/G is a weak equivalence if Z is cofibrant. 
On the other hand, if X is a simplicial G-presheaf such that d{EG xg X) ^ * is 
a weak equivalence, there is a trivial fibration Z ^ X oi simplicial G-presheaves 
such that Z is cofibrant. The induced map d{EG Xg Z) ^ d{EG Xg X) is a local 
weak equivalence, so that Z is an object of G — torsg. It follows that there is an 
isomorphism 

7ro(G — torso) = 7ro(G — torsi) 

If one defines G-torsors on C as simplicial presheaves X with principal G-action 
such that the canonical map d{EG xg X) ~ X/G ^ * is a weak equivalence, the 
similar bijection of Theorem 13 . 1 II exists . 
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3.5. Torsors for presheaves of simplicial groupoids. First of all, we extend 
the results in Section 3.4. 

Write Triv/X for the category whose objects are all simplicial presheaf mor- 
phisms W ^ X such that the map W — > * is a local weak equivalence. Observe 
that there is a function 

: ^o(Triv/X) ^ [*,X] 
which is defined by associating to an object W ^ X the composite 

*^^—W ^X 

in the homotopy category. 

Note that there are corresponding constructions for any object X of a model 
category M. 

Lemma 3.15. Suppose that M is o right proper model category, and suppose that 
the map f : X —*Y is a weak equivalence. Then the induced map 

U : 7ro(Triv/X) ^ 7ro(Triv/r) 

is a bijection. 

Proof. The function is induced by a functor which is defined by associating to 
the object W ^ X the composite 

w — ^x— ^y. 

Suppose that C/ — > F is an object of Triv/F. Choose a factorization 

Y 

where j is a trivial cofibration and p is a fibration. Form the puUback 

X XyV^^V 
p 



Then the map /' is a weak equivalence by the properness assumption, so that the 
projection X XyV ^ X is an object of Triv/X. Observe that the path component 
of this object is independent of the choice made, and is independent of the choice 
of representative for the path component of U ^ Y. It follows that there is a 
well-defined function 

.g:^o(Triv/y) ^7ro(Triv/X). 
The composite functions g ■ and /, ■ g arc both identities. □ 

Lemma 3.16. Suppose that Y is an object of a right proper model category M in 
which the terminal object * is cofibrant. Then the function 

V'Y : 7ro(Triv/y) ^ 

is a bijection. 
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Proof. Suppose first of all that Y is fibrant. Then the function 

is a bijection since * is cofibrant. Here, Tr{*,Y) denotes homotopy classes of maps 
with respect to a fixed cylinder object / of *. If two maps f,g : * ~> Y are 
homotopic, then there is a diagram 




Then the morphisms do and di are weak equivalences, so that / and g are in the 
same path component of Triv/F. It follows that there is a well defined function 

: 7r(*,y) ^ 7ro(Triv/r) 

and the diagram 

7r(*,y) — 




^o(T>iv/r) 

commutes. Finally, if C/ ^ F is an object of TrW/Y, there is a factorization 



where j is a trivial cofibration and p is a trivial fibration. The fibration p has a 
section s : * — > since * is cofibrant, and the map U Y extends to a map 
V ^Y since j is a trivial cofibration and Y is fibrant. It follows that the function 
4> is surjective, and is therefore a bijection. 

The map ipY is therefore a bijection if Y is fibrant. The general case follows 
from Lemma 13.151 □ 

Lemma 3.17. Suppose that G is a presheaf of simplicial groups. Then there is a 
bijection 

[*,BG] ^ 7ro(G - torso). 

Proof. We establish the existence of a bijection 

7ro(Triv/SG) ^ 7ro(G - torso). 

First of all, there is a functor Triv /BG — > G — torsg which is defined by asso- 
ciating the cofibrant simplicial G-presheaf X Xbg EG to the object X BG of 
TrW/BG. 

Suppose that Z is a cofibrant simplicial G-presheaf such that Z/G * is a local 
weak equivalence. Then there is a G-equivariant map Z — > EG and an induced map 
Z/G BG. The class of the object Z/G BG in 7ro(Triv/BG) is independent 
of the choices that have been made: any two G-equivariant maps Z —^ EG are 
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naively homotopic and so the induced maps Z jG —* BG are naively homotopic and 
hence represent the same path component of 7ro(Triv/_BG). It follows that there 
is a well-defined function 

7ro(G - torso) ^ 7ro(Triv/BG) 

and this function is the inverse of the function in ttq which is induced by the functor 
of the previous paragraph. □ 

Corollary 3.18. There is a bijection 

[*,BG] ^ 7ro(G -torsi). 

Recall that the objects of the category G — torsi are simplicial G-presheaves Z 
such that d{EG Xg Z) ^ * is a local weak equivalence. 

Remark 3.19. If G is a sheaf of groups, then a G-torsor X is naturally a member 
of G — torso after identification of X with a constant simplicial G-sheaf, and in 
this way the category G-tors of ordinary G-torsors imbeds in G — torso, and the 
induced function 

7ro(G — tors) vro(G — torso) (1) 

is a bijection. 

Note that EG is a cofibrant simplicial G-sheaf such that EG — > * is a global 
fibration and BG = EG/G. Write NG for the nerve of G in this instance. Recall 
that there is a weak equivalence NG — > BG. 

Write G{U) for the Cech resolution associated to a covering [/ ^ *. The objects 
of the category cav /NG are the morphisms G{U) — > NG, and the morphisms 
are just commutative diagrams. There is an obvious inclusion functor cav /NG C 
Tr'rv /NG. Observe that there are bijections 

7ro(cov/A^G) = 7ro(Triv/A^G) = 7ro(Triv/SG) (2) 

Now it's well known that the set of naive homotopy classes tt{G{U), NG) is 
isomorphic to the set of isomorphism classes of G-torsors which trivialize over U, 
and that the set of isomorphism classes of G-torsors is isomorphic to 

lini7r(G(L/),iVG), 

u 

where the colimit is indexed over the coverings U ^ *. If two maps G{U) — > 
NG are homotopic, the homotopy G{U) x NG factors through the nerve 

Ntt{C{U) X A^), which is itself a Cech resolution C{V) for some covering ^ — > *. 
It follows that if two maps G{U) NG are homotopic, then they represent the 
same element of 7ro(cov/A^G), and there is a well-defined function 

lim7r(G([/),iVG) ^ 7ro(cov/iVG). 

u 

This function is a bijection, with an obvious inverse. The function (1) is therefore 
isomorphic to the composite isomorphism (2). 

The category sGdPre(C) (or sGdShv(C)) of (pre)sheaves of simplicial groupoids 
is right proper fTheorem l2.7|l . The terminal object * is cofibrant in sGdPre(C) (or 
sGdShv(C)). 
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Lemma 3.20. There is a natural diagram of bijections 



dB 



■7ro(Triv/dBG) 



^o(Triv/G) 

w 

7ro(Triv/WG) 

for all objects G £ sGdPre{C). 

Proof. The proof is cssentiahy trivial, and follows from the existence of the diagram 
of bijections 

dB 



w 




,dBG] 



together with Lemma 13.161 



□ 



A [weakly) simplicial category ^ is a simplicial object in the category of cate- 
gories having a discrete simplicial class of objects; in other words, a (weakly) sim- 
plicial category ^ is a category enriched in simplicial sets. The simplicial groupoid 
is a weakly simplicial category. The full simplicial set category S with the function 
complexes Hom(X, Y) is also a weakly simplicial category. 

The simplicial set of morphisms from A to B in a weakly simplicial category A 
is denoted by A{A, B); the corresponding set of n-simplices A{A, B)n is the set of 
morphisms from A to i? in the category at the level n. 

A simplicial functor / : ^ — > B is a morphism of (weakly) simplicial categories. 
This means that / consists of a function / : Ob(^) Oh{B) and simplicial set 
maps / : A{A,B) B{f{A),f{B)) which respect identities and compositions at 
all levels. 

A natural transformation 77 : / — > g of simplicial functors f,g:A^B consists 
of morphisms 

: f{A) ^ giA) 

in hom{f{A),g{Aj) — B{f{A), g{A))o, one for each object A of A, such that the 
following diagram of simplicial set maps commutes 



AiA,B) 



B{9{A),g{B)) 



■B{f{A),f{B)) 



■B{f{A),g{B)) 



for each pair of objects A, B of A. 

Suppose that G is a simplicial category, the simplicial functor taking values in 
simplicial sets X : G — > S gives rise to a bisimplicial set BEcX with simplicial set 

y X{ao) X G(ao , ai) X ■ • • X G(a„_i , an) 

(ao.ai,--- ,a„) 

in horizontal degree n. In vertical degree to, it is the simplicial set holnncm^m- 
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The homotopy colimit of the simphcial functor X is the diagonal d{BEcX); one 
usually writes hohm c^ = d{BEc'X). 

EqX is a translation simplicial category. In effect, each of m-simplex simplicial 
functors X^, '■ Cm — > Sets gives rise to a translation category Ec^Xm having 
objects {i,x) with i an object of Cm (or C) and x G Xm{i), and with morphisms 
a : {i,x) 0,2/) where a : i ^ j is a morphism of Cm such that X„(a)(a:) = y. 
Then the nerve BEc^Xm is the homotopy colimit holirn c^ Xm ■ Furthermore, the 
data is simplicial in n, so the simplicial object BEqX is indeed a bisimplicial set. 

Suppose that G is a simplicial group and that X is a simplicial set admitting 
a left G-action. Then the functor X : G — > S sending the unique object * to the 
simplicial set X is a simplicial functor. The Borel construction d{EG Xq X) is the 
homotopy colimit holini cX. 

When G is a presheaf of simplicial groups on a small site C, define G-torsors 
as the simplicial functors taking values in simplicial presheaves X : G ^ SPre{C) 
such that holirn cX ^ * is a locally weak equivalence, then the category G-tors of 
such G-torsors coincides with the category G — torsi in Section 3.4. 

Lemma 3.21. Suppose that C is a category enriched in simplicial sets and that 
X : C S is a simplicial functor taking values in simplicial sets. Suppose that 
all arrows a b of Cq induce weak equivalences X{a) ^{b)- Then the map 
X{a) —>■ Fa taking values in the homotopy fibre over a of the diagonal simplicial set 
map holirrj cX —> d{BC) is a weak equivalence. 

Proof. For the puUback diagram of bisimplicial sets: 

U ^ U -'^(flo) X G(ao,ai) X • • ■ X G(a„_i,a„) 

a^a^ ^aeBC„ (ao ,ai • • ,a„) 

TT 

^BC ^ U G(ao,ai) X • • • X G(a„_i,an) 

a (ao,ai,--- ,o„) 

applying the diagonal functor d one obtains the puUback diagram (since d has a 
left adjoint d* ^ p. 220] then it preserves puUback): 

X{a) ^holimc^ 

* TT^ d{BC) 

Consider all bisimplices a : lY'^ BC of BC, form the puUback diagram 
^-1/ \ ^ U X(ao) X G(ao,ai) X • • • X G(a„_i,a„) 

^ ' (ao,ai,--- ,a„) 

TT 

A'^''' ^ EC 

in the category of bisimplicial sets. Since A°'° = *, then X{a) = dTT~^{a). 

The bisimplices A™'" — > BC of BC are the objects of the category of bisimplices 
of BC, denoted by A^^ | BC. A morphism cr —> r of this category is a commutative 
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diagram of bisimplicial set maps 



BC 



The assignment a ^ 7r^^(cr) defines a functor 

Tliis Lemma follows from Lemma IV. 5. 7 in |S] if we can show that each morphism 
of bisimplices 



(Cl,C2) 



BC 



k,l 



A 

induces a weak equivalence 

(Ci,C2)* :rf7r-i(r)^d7r-i(a) 
Since the argument in p. 246 of 8 shows that if the puUback diagram 

d7r"i(a) ^ holini Ax2 |Bigc?7r~^ 



of simplicial sets is homotopy cartesian, then the puUback diagram 

X{a) ^ hohni gX 



d{BC) 



is homotopy cartesian. 



,(Cl,C2). 



It is sufBcient to show that the bisimplicial set map 7r"^(T) — ■ — ^7r^^((T) is a 
pointwise weak equivalence by Proposition IV. 1.7 in [Hj. 

Every bisimplex a : A*^'' — > BC is determined by a string of arrows 



cr : ao ^ai *-a2 • • 



of length fc in C; , where Ci is the category in simplicial degree I in the simplicial 
category C . In horizontal degree n, this bisimplex determines a simplicial set map 

y A'^BC„= □ C(co,ci) X ••• xC(c„_i,c„). 



7;n— *k 



(co,ci,--- ,c^) 
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On the summand corresponding to 7 : n ^ k, this map restricts to the composite 

7*(cr) : A' C(a^(o), a^(i)) x • • • x C(a^(„_i), a^(„)) BCn- 
The simphcial set ( hohni gX)^ in horizontal degree n has the form 

(holimcX)„ = y X(co) X C(co, ci) x • • • x C( 

(co,ci,--- ,c„) 

It follows that (in horizontal degree n) there is an identification 
(7r-^(a))„= □ X(a^(o))xA'. 

7:11— >k 

It's obvious that any map (1, 9) : A^^'^ — s- A'^'^ induces the simplicial set map 
□ X(a^(o)) X A-- ^ y X(a^(o))xA' 

7:11 — >k 7:11 — 

in horizontal degree n which is specified on summands by 

1x9: X(o^(o)) X A'' ^ ^(^(o)) x A' 

such a map is plainly a weak equivalence, and hence induces a pointwise weak 
equivalence 

In particular, any vertex A° — » A' determines a weak equivalence 
U ^K(o))-^ U ^K(o))xA' 

7:n — *k 7:11 — ^k 

Any bisimplicial set map (Ci,C2) '■ A*"'* A*^'' and any choice of vertex v : 
— > A' together induce a commutative diagram of bisimplicial set maps 



(Ci-i) 



(Cl,C2) 



It therefore suffices to assume that all diagrams of bisimplices 



BC 



induce pointwise weak equivalence 



TT ^(r) ^TT ^(ct) 
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The simplicial functor X : C S restricts to an ordinary functor Xq : Cq — > S 
via the identification of the category Co with a discrete simphcial subobject of the 
simplicial category C. There is a puUback diagram 

holim (7„ Xq holini gX 



BCo ^ BC 

and all bisimplices A*^'" BC factor through the inclusion BCq BC. Each 
morphism a ~* b of Cq induces a weak equivalence 

Xoia) = Xia)^^X{b) = Xo{b) 

It therefore follows from the standard argument for ordinary functors taking values 
in simplicial sets that all induced maps 

are weak equivalences of simplicial sets. □ 

Corollary 3.22. Suppose that C is a simplicial groupoid (groupoid enriched in 
simplicial sets), and that X : C —>^ S is a simplicial functor taking values in sim- 
plicial sets. Then the map X{a) Fa taking values in the homotopy fibre over a 
of the diagonal simplicial set map holirn QX — > d{BG) is a weak equivalence. 

Proof. For any arrow a — > 5 of Gq it has an inverse arrow b a, hence the 
induced simplicial map X{a) has an inverse map X{b) X{a), that 

means X{a) X{b) is a weak equivalence. □ 

Suppose that H is an object of the category sGd of simplicial groupoids and 
let /:[/—> be a morphism of sGd. Take a G Oh{H) and write / | a for 
the simplicial category given in degree n by the comma category /n i a arising 
from the functor fn ■ Un ^ Hn (Note that / J, a is a simplicial category in the 
general senses, it is not category enriched in simplicial sets since its simplicial class 
of objects isn't discrete). Then the functors iJ„ cat given by a i-^ /„ J, a assemble 
to give a bisimplicial functor B{f J. ) : iJ — > with a i— > B{f J, a) taking values in 
bisimplicial sets. It follows that the assignment a i— > dB{f [ a) defines a simplicial 
functor taking values in simplicial sets. The simplicial sets dB{f [ a) therefore 
become identified with the homotopy fibres Fa of the diagonal simplicial set map 

holimgdg(/ i )^l^dBH 

by the CoroUarv \'d.'2'2\ In "horizontal degree" n, this map can be identified with 
the projection 

dB{f I ao) X H{ao, ai) x • • ■ x i7(a„_i, a„) H{ao, ai) x • • ■ x i7(a„_i, a„). 

The forgetful functors fn i a ^ Un also assemble to define a diagonal weak 
equivalence 

holimHBjf i )^L^BU 

of trisimplicial sets (here we see holirn jji?(/ J, ) as the trisimplicial set giving rise 
to the homotopy colimit). This is a consequence of a standard result of Quillen, 
applied in each degree: Suppose that / : C — > Z? is a functor of small categories. 
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Then the canonical map hohni D-B(/ I) —> BC is a, weak equivalence. That means 
the simplicial set map 

holim H dB(,f i ) ^ dBU 

is a weak equivalence. 

A torsor for a presheaf of simplicial groupoids G is a simplicial functor X : G — > 
SPre(C) taking values in simplicial presheaves such that the associated simplicial 
presheaf holirnG^ is weakly equivalent to a point. A morphism X ^ Y of G- 
torsors is a natural transformation of simplicial functors. Insofar as X can be 
locally identified with the homotopy fibre of the canonical map holimcX dBG, 
a map X ^ Y oi G-torsors restricts to (pointwise) weak equivalences X\u —>■ Y\ij 
on all sites C i U for which X{U) is non-empty. 

Write G-Tors for the category of G-torsors, and let 7ro(G — Tors) denote its set 
of path components. There is a well-defined function 

: 7ro(G - Tors) ^ 7ro(Triv/rfBG) 

which is induced by associating a G-torsor X the element represented by the map 

holim cX ^ dBG. 

There is a function 

tp : 7ro(Triv/G) ^ 7ro(Triv/dBG) ^ 7ro(G - Tors) 

which is defined as follows. Let / : [/ ^ G be an object of Triv/G and perform 
the construction as above sectionwise to form the diagram 

dBU liolim GrfB(/ i ) 



dBf 



dBG^holimGrfS(Gi ) 
dBG 

Then the simplicial G-functor a h- > dB{f J, o) is a G-torsor since dBU ^ * is a 

weak equivalence. This construction is functorial and defines the function ip. 

Note that holini c (ii?(G J, ) is the simplicial set consisting of strings {b, a) of 
arrows 

60 ^ &i — > • • • ^ &n — >■ ao — *■ ai ^ >■ an 

of length 2n + 1 in G„ , and the map a takes this string to the string 60 bi ^ 
■ ■ ■ ^ bn while /3 maps this element to the string ao ^ ai ^ • ■ • ^ a„, note that 
/? is just the projection map d-K. The n-simplices of holini G rf.B(G J, ) can therefore 
be identified with functors n * n ^ G„ defined on the poset join n * n, and with 
simplicial structure maps induced by precomposition with maps 6*6 : m*m n*n. 
The maps a and /3 are induced by the inclusions n ^ n * n of the left and right 
substrings of length n respectively. 

There is a poset map /i„:nxl^n*n which is defined by 



^ ^ y n + i if 



e = 0, and 
e = 1. 
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As a picture, hn is the diagram 

60 ^ h s ^ bn 



ao a- ai s- • • ■ 5» a„ 

The maps /i„ are natural in ordinal number n. It follows that the composites 

A" X Ai-^S(n * n)-^-—LdBG 

together define a simplicial set map holim g di?(G' i ) x A^ dBG from a to /?. 
This construction is natural in all simplicial groupoids, and so the maps a and /3 are 
homotopic maps of simplicial presheaves. Hence the composites (3 ■ /* and a ■ /, are 
homotopic (where /3 • /* is just the projection map di: : holira cdB^f i ) ^ dBG). 
It follows that the canonical map /3 • /* and the original map dBf : dBU — > dBG 
represent the same element of 7ro(Triv/rfi?G'), and so the composite • ?/; is the 
identity function. 

If X is a G-torsor, then the canonical map holimG^ dBG is induced by a 
simplicial groupoid map / : EqX G (where EqX is the simplicial groupoid in 
which the level n groupoid is the translation category for the functor X„ : G„ — s- Set 
in each degree n). The comma category /„ | a has objects {{b,x),b — s- a) where 
a,b ^ Gn,x G Xn{b) and morphisms a : {{b,x),b — > a) — s- ((c, y),c a) where 
a : 6 — > c is a morphism of G„ such that Xn{a){x) = y and the composite with 
c — > a is the map b a. The n-simplices in dB(f I a) is: 

((6o,a;o),6o a) ^ ((6i,a;i),6i a) ^ ■ ■ ■ ^ ((6„,x„),6„ a) 

the n-simplices in -B(/„ | a)„. There is a G-natural function dB(f | a)„ —> Xn{a) 
sending the n-simplex to Xn{(3){xo) where (3 : b^ ^ a. For every n-simplex x in 
Xn{a) its preimages are connected, hence these functions induce a map dB{f | 
a) X{a) for all a which is a weak equivalence, and hence determines a map of 
simplicial functors 

dB{f i)^X 

X is a G-torsor, then hohmcX is weakly equivalent to a point, so is holmj GdB{f | ), 
that means dB{f | ) is a G-torsor as well, hence the above map is a map of G- 
torsors. It follows that the composite ■ (j) is the identity function. We have 
therefore proved the following 

Theorem 3.23. The natural function 

(/) : 7ro(G - Tors) ^ 7ro(Triv/dSG) = [*,M7G] 

is a bijection for each presheaf of simplicial groupoids G on any Grothendieck site 
C. 

Proof. The displaved isomorphism follows from Lemma lX^ and Lemma l??TCl The 
proof that is a bijection is displayed above. □ 

Remark 3.24. The definition of G-torsors and the bijection in Theorem 12.41 are 
available for the sheaf of simplicial groupoids G. If G is a presheaf of simplicial 
groupoids and Li^G is its associated sheaf, then WL'^G is the simplicial sheaf as- 
sociated to WG, and the map T^G WL^G is a weak equivalence, and all we're 
interested in is the invariant [*, WG] = [*, WL^G]. 
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Same arguments are valid in Section 3.3 and 3.4. 

Remark 3.25. Joyal-Tierney ^H! obtain similar result for the sheaves of simplicial 
groupoids G, but their definition of G-torsors is different from ours, our definition 
is much more flexible. 

Theorem 13.71 is a special case of Theorem 13.231 

Example 3.26. When a Grothendieck site C is the trivial category *, a presheaf 
of simplicial groupoids G over C is just an ordinary simplicial groupoids. Thus 
7ro(G — Tors) = [>i=,M^G] = [*,G] = ttqG, so the set of path components of G- 
torsors is bijective to the set of path components of the simplicial groupoid G. 
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